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Abstract
Let CB be the Cartan matrix of a p-block B of a finite group G. We show that there is a unimodular
eigenvector matrix UB of CB over a discrete valuation ring R, if all eigenvalues of CB are integers when
B is a cyclic block, a tame block, a p-block of a p-solvable group or the principal 3-block with elementary
abelian defect group of order 9.
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1. Introduction
Let G be a finite group, F be an algebraically closed field of characteristic p > 0, and B be a
block of the group algebra FG with defect group D. Let CB = (cij ) be the Cartan matrix of B
and ρ(B) be the Frobenius–Perron eigenvalue (i.e. the largest eigenvalue) of CB . Let (K,R,F )
be a p-modular system, where R is a complete discrete valuation ring of rank one with R/(π) 
F for a unique maximal ideal (π) and K is the quotient field of R with characteristic 0. Let us
denote the number l(B) of irreducible Brauer characters in B simply by l.
We studied on integrality of eigenvalues of the Cartan matrix of a finite group in [4,17]. Let
RB and EB be the set of all eigenvalues and Z-elementary divisors of CB , respectively. For cyclic
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of p-solvable groups, we proved that ρ(B) = |D| if and only if RB = EB . Recently, C.C. Xi
and D. Xiang proved that a cellular algebra A is semisimple if and only if all eigenvalues of the
Cartan matrix of A are rational integers and the Cartan determinant is 1 [16, Theorem 1.1].
At the same time, we have taken interest in what eigenvectors of CB represent. In this paper
we show that if all eigenvalues of CB are rational integers for a cyclic block B , a tame block B ,
a p-block B of a p-solvable group or the principal 3-block B with elementary abelian defect
group of order 9, then there exists a unimodular matrix UB over R whose columns consist of
eigenvectors of CB . We call UB an eigenvector matrix of CB . From linear algebra we have UB
diagonalizes CB , since CB is a real symmetric matrix. In these cases above, we can take as UB
actually the Brauer character table matrix for some block.
2. Preliminaries
We had the following basic conjecture in [4].
Conjecture. [4, Questions 1 and 2] Let G be a finite group. Let B be a block of FG with defect
group D. Then the following are equivalent.
(a) ρ(B) ∈ Z.
(b) ρ(B) = |D|.
(c) RB = EB .
For several groups or blocks we proved that Conjecture is true, but we do not yet prove for
any finite groups. If this conjecture is true, these conditions must be equivalent to
(d) all eigenvalues of CB are rational integers.
Because, (d) implies (a), and (c) implies (d). Here we try to consider proving (d) → (c) in the
following section. To begin with, we state some preliminary results in [4]. We first introduce
some notation. Let IBr(B) = {ϕ1, . . . , ϕl} be the set of irreducible Brauer characters in a block B
of FG. Let {x1, . . . , xl} be a complete set of representatives of p-regular classes of G associated
with B [10, Theorem 11.6]. Let us set ϕ(j) = t (ϕ1(xj ), . . . , ϕl(xj )) for 1 j  l and let ΦB =
(ϕ(1), . . . ,ϕ(l)) = (ϕi(xj )) be the Brauer character table of B . Here for a matrix A we denote
by tA the transposed matrix of A.
Theorem 1. ([4, Proposition 2], see also Lusztig [1, Lemma 4.26].) Let B be a block of FG with
defect group D. Suppose D G. Then the following hold.
(1) CBf = |D|f , where f = t (ϕ1(1), . . . , ϕl(1)) for {ϕ1, . . . , ϕl} = IBr(B).
(2) RB = EB = {|CD(x1)|, . . . , |CD(xl)|}, where {x1, . . . , xl} is a set of representatives of p-
regular classes of G associated with B . In fact,
CBΦB = ΦB diag
{∣∣CD(x1)∣∣, . . . , ∣∣CD(xl)∣∣}.
Theorem 2. [4, Theorem 1] Let G be a p-solvable group and let B be a block of FG with defect
group D. Then the following are equivalent.
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(b) RB = EB .
(c) The height of ϕ equals 0 for any ϕ ∈ IBr(B).
(d) f = t (ϕ1(1), . . . , ϕl(1)) is an eigenvector for ρ(B).
Theorem 3. [4, Proposition 3] Let B be a block of FG with a cyclic defect group D. Then the
following are equivalent.
(a) ρ(B) ∈ Z.
(b) ρ(B) = |D|.
(c) RB = EB .
(d) The Brauer tree ΓB of B is a star and its exceptional vertex with multiplicity m, if it exists,
is at the center. In this case
CB =
⎛⎜⎜⎜⎝
m+ 1 m . . . m
m m+ 1 . . . ...
...
. . .
. . . m
m . . . m m+ 1
⎞⎟⎟⎟⎠ .
(e) B is Morita equivalent to its Brauer correspondent block b of FNG(D).
Theorem 4. [4, Proposition 4] Let B be a tame block (not finite type) of FG with defect group
D (i.e. p = 2 and D is isomorphic to a dihedral, a generalized quaternion or a semidihedral
group). Then the following are equivalent.
(a) ρ(B) ∈ Z.
(b) ρ(B) = |D|.
(c) RB = EB .
(d) One of the following holds:
(i) l = 1;
(ii) l = 3, D  E4 (an elementary abelian group of order four) and
CB =
(2 1 1
1 2 1
1 1 2
)
;
(iii) l = 3,D  Q8 (a quaternion group of order eight) and
CB =
(4 2 2
2 4 2
2 2 4
)
.
(e) B is Morita equivalent to its Brauer correspondent block b of FNG(D).
Note that if B is cyclic or tame, then by Theorems 3, 4 (a) ∼ (d) in Conjecture are equivalent.
But in p-solvable groups we do not yet prove that if ρ(B) ∈ Z, then ρ(B) = |D|. So we do not
yet prove (d) implies (c) in Conjecture, in general.
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Lemma 1. [5, Proposition 4.5] Let B be a block of FG with defect group D. Let λ be an eigen-
value of CB . Then there is an algebraic integer μ such that λμ = |D|. In particular, if λ is a
rational integer, then λ is a power of p dividing |D|.
From linear algebra there exists a non-singular matrix UB over the field R of real num-
bers whose column vectors consist of linearly independent l eigenvectors of CB such that
U−1B CBUB = diag{ρ1, . . . , ρl}, since CB is a real symmetric matrix. We assume that all eigen-
values ρ1, . . . , ρl of CB are rational integers. Then ρi is a power of p for 1  i  l by
Lemma 1. We note that in this case we can have an eigenvector ui of ρi being in Zl . If
UB = (u1, . . . ,ul ) can be taken as a unimodular matrix over the complete discrete valuation
ring R (i.e. UB ∈ GL(l,R)), then, since ρ1, . . . , ρl are powers of p, they are also Z-elementary
divisors of CB because U−1B CBUB = diag{ρ1, . . . , ρl} and UB is unimodular. Thus RB = EB .
So we can prove (d) → (c) as we note in Section 2. However, for any block B of G can we take
a unimodular eigenvector matrix UB of CB over R?
At least does the following hold?
Question. Assume that all eigenvalues ρ1, . . . , ρl of CB are rational integers. Then can we take
a unimodular eigenvector matrix UB of CB over R? I.e. does there exist UB ∈ Matl (Z) such that
detUB ≡ 0 (mod p)?
We note that there exists a negative example for Question in a general finite-dimensional
algebra which is not a finite group algebra.
Example. [15] Let B be a Brauer tree algebra. Let ΓB be the Brauer tree • − ◦ − • with three
vertices, where • means an exceptional vertex with multiplicity m. Then we have
CB =
(
m+ 1 1
1 m+ 1
)
so RB = {m+ 2,m}, EB =
{
m2 + 2m,1}.
Thus eigenvalues of CB are rational integers, but RB = EB if m > 1. Actually, we can take an
eigenvector
(1
1
)
for m + 2 and an eigenvector (−11 ) for m. So we can take a eigenvector matrix
UB =
( α −β
α β
)
. over R of CB for α,β ∈ R, then detUB = 2αβ . Therefore, if p = 2, detUB ≡ 0
(mod (π )). Thus, if p = 2, we can never take a unimodular eigenvector matrix of CB over R.
If the above CB appears as the Cartan matrix of a 2-block of a finite group, detCB must be
a power of 2. So m = 2 and CB =
( 3 1
1 3
)
. However, the following results show that this matrix
cannot be the Cartan matrix for cyclic blocks, tame blocks, p-blocks of p-solvable groups, at
least.
4. Theorems
We prove the following results on Question. Let G be a finite group and let B be a block of
FG with defect group D. Let CB be the Cartan matrix of B .
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ular eigenvector matrix UB of CB over R. In fact, we have UB = Φb , where b is the Brauer
correspondent block of B .
Theorem B. Let G be a p-solvable group. If ρ(B) = |D|, then we can take a unimodular eigen-
vector matrix UB of CB over R. In fact, we have UB = Φβ for some block β of a subgroup of G
or a factor group of a central extension of a subgroup of G.
We first mention the following lemma.
Lemma 2. Suppose that B and its Brauer correspondent block b are Morita equivalent. Then
there exists a unimodular eigenvector matrix of CB over R. In fact, we can take UB = Φb.
Proof. Since D  NG(D), we can take Φb as Ub by the result of Theorem 1. We have also
CB = Cb by the assumption that B and b are Morita equivalent. So UB = Ub = Φb . 
Proof of Theorem A. Let B be a cyclic block or a tame block of G. By Theorems 3 and 4 we
have that B and its Brauer correspondent block b are Morita equivalent. Then Lemma 2 implies
that we can take UB = Φb , which is unimodular over R. 
Proof of Theorem B. Let G be a p-solvable group. Suppose ρ(B) = |D|.
Case 1. B is of full defect.
By Theorem 2 ρ(B) = |D| if and only if the height of ϕ equals 0 for any ϕ ∈ IBr(B). Since
now B is of full defect, ϕi(1) is not divisible by p for all 1  i  l. Let ηi be the projective
indecomposable character corresponding to ϕi for 1 i  l. Let Si and Pi be an irreducible FG-
module and a projective indecomposable FG-module corresponding to ϕi and ηi , respectively.
Let PG and ηG be a projective indecomposable FG-module and the projective indecomposable
character corresponding to the trivial modular character 1G, respectively.
Consider a projective FG-module Si ⊗PG. Then Pi | Si ⊗PG, in general. On the other hand,
dimensions of both sides are the same, because the left-hand side is paϕi(1)p′ and the right-hand
side is ϕi(1) × pa = ϕi(1)p′ × pa now, where pa is the order of a Sylow p-subgroup of G. So
we have Pi  Si ⊗ PG(∗) for 1 i  l in this situation.
We write (∗) by characters. Then we have
l∑
j=1
cijϕj (xk) = ϕi(xk)ηG(xk), 1 k  l,
for a set of representatives {x1, . . . , xl} of p-regular classes of G associated with B . This means
the following matrix equation
CBΦB = ΦB diag
{
ηG(x1), . . . , ηG(xl)
}
.
(Here, ηG(x1), . . . , ηG(xl) are known to be powers of p by Isaacs and Rukolaine, see [3].) There-
fore, we can take UB = ΦB in Case 1.
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Let b be a block of FH covered by B . Let T = {g ∈ G | bg = b} be the inertial group of b.
(1) Case T <G. By the Fong–Reynolds correspondence ([1, Theorem X.1.2], [6, Lemma 1])
there exists a unique block B ′ of FT with defect group D′  D and furthermore B  Matm(B ′)
for some integer m [6, Lemma 1]. Then B and B ′ are Morita equivalent. So CB = CB ′ and then
ρ(B ′) = ρ(B) = |D| = |D′|. Thus by induction on |G| we can take a unimodular eigenvector
matrix UB ′ of CB ′ . Since CB = CB ′ , we can have UB = UB ′ in this case. Then we can take a
unimodular eigenvector matrix UB . Also by induction on |G|, in fact, we can have UB = Φβ for
some block β of a subgroup of T or a factor group of a central extension of a subgroup of T .
(2) Case T = G. There exists a short exact sequence
{1} → Z˜ → G˜ → G → {1},
where Z˜ is a p′-group, a central and a cyclic group such that the following hold.
There exists a normal subgroup H˜ of G˜ (see [1, Lemma X.1.1]) and there exists a block B˜ of
F(G˜/H˜ ) such that B  Matn(B˜) for some integer n (see [14, Theorem 2]). Let D˜ be a defect
group of B˜ . Then D˜  D and D˜ is a Sylow p-subgroup of G˜/H˜ (see [1, Lemma X.1.4]). So B˜
is of full defect and it holds ρ(B˜) = ρ(B) = |D| = |D˜|. Then we can take UB˜ = ΦB˜ by the result
of Case 1. Since CB = CB˜ , we have UB = UB˜ = ΦB˜ which is unimodular. 
The following result is due to Koshitani, Kunugi [7] and many authors’ results (e.g. [8,9,12,
13]) through proving Broué’s abelian defect group conjecture to be true. First, we should mention
the following fundamental propositions on the structure of a finite group with an elementary
abelian Sylow 3-subgroup of order 9 (see [7, Propositions 2.1, 2.2]).
Proposition 1. Let G be a finite group with an elementary abelian Sylow 3-subgroup of order 9.
Suppose O3′(G) = 1 and O3′(G) = G. Then G is one of (i) or (ii):
(i) G = X × Y for finite simple groups (abelian or not) X,Y such that both of them have a
cyclic Sylow 3-subgroup of order 3;
(ii) G is a non-abelian finite simple group with an elementary abelian Sylow 3-subgroup of
order 9.
Proposition 2. If G is a non-abelian finite simple group with an elementary abelian Sylow 3-
subgroup of order 9, then G is one of the following nine types:
(i) A6,A7,A8,M11,M22,M23,M24,HS;
(ii) PSL3(q) for a power q of a prime with q ≡ 4 or 7 (mod 9);
(iii) PSU3(q2) for a prime power q with 2 < q ≡ 2 or 5 (mod 9);
(iv) PSp4(q) for a prime power q with q ≡ 4 or 7 (mod 9);
(v) PSp4(q) for a prime power q with 2 < q ≡ 2 or 5 (mod 9);
(vi) PSL4(q) for a power q of a prime with 2 < q ≡ 2 or 5 (mod 9);
(vii) PSU4(q2) for a prime power q with q ≡ 4 or 7 (mod 9);
(viii) PSL5(q) for a power q of a prime with q ≡ 2 or 5 (mod 9);
(ix) PSU5(q2) for a prime power q with q ≡ 4 or 7 (mod 9).
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Let B˜ and b˜ be the principal 3-block of G˜ and NG˜(P ), respectively. Suppose O3′(G˜) = 1. Then
the following are equivalent.
(a) ρ(B˜) ∈ Z.
(b) ρ(B˜) = |P | = 9.
(c) RB˜ = EB˜ .
(d) B˜ and b˜ are Morita equivalent (even stronger Puig equivalent).
(e) Let G := O3′(G˜). Then one of (i) and (ii) holds.
(i) G = X × Y , where X,Y are simple groups (abelian or not) with a cyclic Sylow 3-
subgroup of order 3, respectively.
(ii) G is one of the following non-abelian simple groups with an elementary abelian Sylow
3-subgroup of order 9:
(1) PSU3(q2) with 2 < q ≡ 2 or 5 (mod 9);
(2) PSp4(q) with q ≡ 4 or 7 (mod 9);
(3) PSL5(q) with q ≡ 2 or 5 (mod 9);
(4) PSU4(q2) with q ≡ 4 or 7 (mod 9);
(5) PSU5(q2) with q ≡ 4 or 7 (mod 9).
In these cases, we can take Φ
b˜
as a unimodular eigenvector matrix UB˜ of CB˜ .
Proof. (e) → (d). Suppose G satisfies (i). Let PX,PY be a Sylow 3-subgroup of X,Y , re-
spectively. Then P = PX × PY is a Sylow 3-subgroup of G. If NG(P )/CG(P ) = 1, then G
is 3-solvable and then of 3-length 1, so P  G˜. Thus B˜ = b˜. If |NG(P )/CG(P )| = 2, then B˜ and
b˜ are also Puig equivalent by [7, Lemma 5.3]. Otherwise, NG(P )/CG(P )  C2 × C2. Then B˜
and b˜ are Puig equivalent by [7, Lemma 5.5].
Suppose G satisfies (ii). Then [7, Lemma 5.6] states that B˜ and b˜ are Puig equivalent.
It is easy to see that (d) → (c), because CB = Cb and by Theorem 1. It is obvious that (c) →
(b) and (b) → (a).
We may prove that (a) → (e). Suppose (e) does not hold. Then from Propositions 1, 2, G is one
of the following alternating groups or sporadic simples A6,A7,A8,M11, M22,M23,M24,HS or
one of the following simple groups of Lie type: PSL3(q) for q ≡ 4 or 7 (mod 9); PSp4(q) for
2 < q ≡ 2 or 5 (mod 9); PSL4(q) for 2 < q ≡ 2 or 5 (mod 9). But for these simple groups we
can easily check that ρ(B0(FG)) is not a rational integer, here B0 means the principal 3-block.
For Cartan matrices of these groups G, see “decomposition matrices” in “The Modular Atlas”
homepage [18]. Note that [7, Lemmas 5.4, 5.7, 5.8] just suggest (a) → (e) to be true.
We know G˜/G’s are solvable 3′-groups for these eleven types of simple groups G above. At
first we improve [5, Proposition 5.3(1)] to the following proposition and we have ρ(B0(F G˜)) =
ρ(B0(FG)). So if we show ρ(B0(FG)) is not a rational integer, then neither is ρ(B0(F G˜)).
Proposition 3. Let G be a finite group and H be a normal subgroup with |G : H | = q , where q
is a prime number distinct from p. Let b be a block of FH and B1, . . . ,Bm be all blocks of G
covering b. Then ρ(Bi) = ρ(b) for all 1 i m.
Proof. As is studied in Harris, Knörr’s [2], covering blocks need not be unique even if b is the
principal block of FH . For example, let H = A8,p = 3 and let b be the principal block as above,
then G = A8.2 has two blocks B1,B2 of full defect covering b.
636 T. Wada / Journal of Algebra 308 (2007) 629–640Case 1. TG(b) = H . In this case, we have again that CB = Cb by the Fong–Reynolds correspon-
dence ([1, Theorem V.2.5], [11, Proposition 14]). So we have ρ(B) = ρ(b).
Case 2. TG(b) = G. We have proved that ρ(B) = ρ(b) in [5, Proposition 5.3(1)] when a covering
block B is unique. But there is no need to restrict our attention to uniqueness. So we adopt the
same notation as it. Let
L11, . . . ,L1q, . . . ,Lr1, . . . ,Lrq,V1, . . . , Vt (∗)
be all the simple b-modules, where TG(Lij ) = H (1 i  r,1 j  q) and TG(Vα) = G (1
α  t) for inertial group TG. Then LGij = Mi is a simple FG-module for 1  i  r , 1  j  q
and VGα = Wα1 ⊕ · · · ⊕ Wαq for 1 α  t . Hence
M1, . . . ,Mr,W11, . . . ,W1q, . . . ,Wt1, . . . ,Wtq (∗∗)
are all the simple FG-modules whose restriction to H contains a simple b-module. These FG-
modules are distributed to blocks B1, . . . ,Bm of G. Let
x = t (x11, . . . , x1q, . . . , xr1, . . . , xrq, y1, . . . , yt )
be a Frobenius eigenvector for ρ(b) of Cb (i.e. all entries are positive). Now we write B :=
B1 + · · · + Bm again. Since B is no more a block of FG, CB is not an indecomposable matrix.
However, we proved in [5, Proposition 5.3(1)] that ρ(b) is an eigenvalue of CB and
y := t
(
q∑
i=1
x1i , . . . ,
q∑
i=1
xri, y1, . . . , y1, . . . , yt , . . . , yt
)
turns out to be an eigenvector for ρ(b) of CB , where each y1, . . . , yt appears q times. The ar-
ranging of entries of x,y here is according to that of simple b and B modules in (∗), (∗∗). We
renumber simple B modules as the first l1 belonging to a block B1, . . . , the last lm belonging
to a block Bm. Let σ be this permutation and Q be the corresponding l × l permutation matrix,
where l = r + tq is the number of simple B-modules. Let yσ be the column vector renumbering
entries of y by σ . We note y > 0. Since CBy = ρ(b)y, we have
QCBy = ρ(b)Qy.
So
QCBQ
−1Qy = ρ(b)Qy.
Since Qy = yσ and the above equation means⎛⎜⎜⎜⎝
CB1 O . . . O
O CB2
. . .
...
...
. . .
. . . O
⎞⎟⎟⎟⎠yσ = ρ(b)yσ .
O . . . O CBm
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yσ from the upper one. Since each yσi > 0, this vector is a Frobenius eigenvector of CBi . Thus
ρ(Bi) = ρ(b) for all 1 i m. 
Let us be back to the proof of (a) → (e) of Theorem C. Since B0(F G˜) covers B0(FG),
we may show ρ(B0(FG)) is not a rational integer for all eleven types of simple groups above
by Proposition 3. From now on let us simply denote B = B0(FG) and C = CB below. In the
following we attach the characteristic polynomial fC(x) of C decomposing into Z-irreducible
components for the sake of understanding being clear. But we do not need fC(x) to show that
ρ(B) is not an integer.
• If G = A6, then
C =
⎛⎜⎝
5 1 1 4
1 2 1 2
1 1 2 2
4 2 2 5
⎞⎟⎠ .
By [5, Lemma 3.1(2)] (∑li,j=1 cij )/ l < ρ(B) < max ci for the ith row-sum ci of C. In this
case, the left-hand side = 10 and the right-hand side = 13. Then ρ(B) is not an integer by
Lemma 1. In fact,
fC(x) = (x − 1)
(
x3 − 13x2 + 29x − 9).
In the following we can verify that ρ(B) is not an integer by the same argument.
• If G = A7, then
C =
⎛⎜⎝
7 2 2 4
2 2 1 1
2 1 2 1
4 1 1 3
⎞⎟⎠ .
Since 9 < ρ(B) < 15, then ρ(B) is not an integer. In fact,
fC(x) = (x − 1)
(
x3 − 13x2 + 25x − 9).
• If G = A8, then
C =
⎛⎜⎜⎜⎝
4 1 2 1 2
1 4 2 1 2
2 2 3 0 1
1 1 0 3 2
2 2 1 2 4
⎞⎟⎟⎟⎠ .
Since 9 < ρ(B) < 11, ρ(B) is not an integer. In fact,
fC(x) = (x − 3)
(
x4 − 15x3 + 60x2 − 75x + 27).
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C =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
5 2 2 3 3 0 1
2 3 1 2 1 0 1
2 1 3 1 2 0 1
3 2 1 4 3 1 2
3 1 2 3 4 1 2
0 0 0 1 1 2 1
1 1 1 2 2 1 2
⎞⎟⎟⎟⎟⎟⎟⎟⎠
.
Since 10 < ρ(B) < 16, ρ(B) is not an integer. In fact,
fC(x) =
(
x2 − 3x + 1)(x5 − 20x4 + 102x3 − 192x2 + 135x − 27).
• If G = M22, then
C =
⎛⎜⎜⎜⎝
3 2 2 2 1
2 3 2 2 1
2 2 3 2 2
2 2 2 3 2
1 1 2 2 3
⎞⎟⎟⎟⎠ .
Since 10 < ρ(B) < 11, ρ(B) is not an integer. In fact,
fC(x) = (x − 1)2
(
x3 − 13x2 + 29x − 9).
• If G = M23, then
C =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
2 1 1 1 1 1 1
1 5 3 3 1 2 2
1 3 3 2 1 2 1
1 3 2 3 1 1 2
1 1 1 1 2 1 1
1 2 2 1 1 3 1
1 2 1 2 1 1 3
⎞⎟⎟⎟⎟⎟⎟⎟⎠
.
Since 11 < ρ(B) < 17, ρ(B) is not an integer. In fact,
fC(x) = (x − 1)
(
x2 − 3x + 1)(x4 − 17x3 + 62x2 − 75x + 27).
• If G = M24, then
C =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
5 4 3 3 4 4 2
4 8 6 3 5 5 4
3 6 9 3 6 6 3
3 3 3 4 4 4 2
4 5 6 4 8 7 3
4 5 6 4 7 8 3
2 4 3 2 3 3 3
⎞⎟⎟⎟⎟⎟⎟⎟⎠
.
T. Wada / Journal of Algebra 308 (2007) 629–640 639Since 30 < ρ(B) < 37, ρ(B) is not an integer. In fact,
fC(x) = (x − 1)
(
x6 − 44x5 + 433x4 − 1740x3 + 3204x2 − 2619x + 729).
• If G = HS, then
C =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
4 1 1 2 0 2 2
1 4 1 2 1 1 2
1 1 3 0 1 0 2
2 2 0 3 0 2 1
0 1 1 0 2 1 2
2 1 0 2 1 3 2
2 2 2 1 2 2 4
⎞⎟⎟⎟⎟⎟⎟⎟⎠
.
Since 10 < ρ(B) < 12, ρ(B) is not an integer. In fact,
fC(x) = x7 − 23x6 + 181x5 − 643x4 + 1086x3 − 823x2 + 258x − 27
is Z-irreducible.
• If G = PSL3(q) for q ≡ 4 or 7 (mod 9), then B and B0(PSL3(4)) are Puig equivalent by [9,
Theorem 1.2]. If G = PSL3(4), then
C =
⎛⎜⎜⎜⎝
5 4 1 1 1
4 5 2 2 2
1 2 2 1 1
1 2 1 2 1
1 2 1 1 2
⎞⎟⎟⎟⎠ .
Since 9 < ρ(B) < 15, ρ(B) is not an integer. In fact,
fC(x) = (x − 1)2
(
x3 − 14x2 + 34x − 9).
• If G = PSp4(q) for q ≡ 2 or 5 (mod 9), then B and B0(PSp4(2)) are Morita equivalent by
[12, (3.6), (2)] and [13].
Since PSp4(2)  S6, we have already verified that ρ(B) is not an integer as reduced when
G = A6.
B0(PSL4(q)) and B0(PSL4(2)) are Puig equivalent by [8, Theorem 0.3].
• If G = PSL4(q) for 2 < q ≡ 2 or 5 (mod 9), then since PSL4(2)  A8, we have already
verified that ρ(B) is not an integer.
Thus we have proved (a) → (e). Then by Lemma 2 we can take UB = Φb . So there exists a
unimodular eigenvector matrix of CB in this case. 
Remark 1. There are small misprints in [7, Lemma 5.7]. In Cases 2 and 4 the small star marks
should be the big star marks.
640 T. Wada / Journal of Algebra 308 (2007) 629–640Remark 2. For reference, we should write here Cartan matrices of the principal 3-blocks B of
G above in which all eigenvalues are integers. If G is of case (1) of (e)(ii) in Theorem C, then
C = CB =
⎛⎜⎜⎜⎝
2 1 1 1 2
1 2 1 1 2
1 1 2 1 2
1 1 1 2 2
2 2 2 2 5
⎞⎟⎟⎟⎠ and fC(x) = (x − 9)(x − 1)4,
so RB = EB = {9;1;1;1;1}.
If G is any one of cases (2)–(5) of (e)(ii) in Theorem C, then⎛⎜⎜⎜⎝
3 1 1 2 0
1 3 0 2 1
1 0 3 2 1
2 2 2 5 2
0 1 1 2 5
⎞⎟⎟⎟⎠ and fC(x) = (x − 9)(x − 3)2(x − 1)2,
so RB = EB = {9;3;3;1;1}.
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